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Summary. — Linear theory of the Weibel instability cannot explain magnetic
field generation in relativistic shock fronts in electron-proton plasmas. The fireball
model for Gamma-ray Burst afterglows requires a magnetic field in similar shock
fronts between the fireball and the surrounding matter to explain the detected non-
thermal afterglow radiation. We consider an analytical model of pre-shock protons
penetrating the hot post-shock electron plasma. The linear Weibel instability pro-
duces magnetic fields through self-enhancing current channels. Perturbations with a
length-scale comparable to the electron skin depth reach the highest magnetic field
before the linear theory breaks down. The electrons quench the linear proton insta-
bility so that it cannot randomize the proton velocity distribution and only converts
a small fraction of the available kinetic energy of the protons into magnetic fields.
We conclude that the linear Weibel instability that dominates in pair plasmas is
relatively unimportant in electron-proton plasmas and that non-linear processes are
probably much more important.
PACS 52.27.Ny – Relativistic plasmas.
PACS 52.35.Qz – Micro-instabilities.
PACS 52.35.Tc – Shock waves and discontinuities.
PACS 98.70.Rz – γ-ray sources; γ-ray bursts.
PACS 01.30.Cc – Conference proceedings.
1. – Introduction
In relativistic shock fronts, plasma instabilities convert a significant fraction of the
bulk kinetic energy into magnetic energy (e.g., [11, 4, 3]). Linear theory can describe
the processes responsible for exponential magnetic field growth in electron-positron plas-
mas [11, 7] but when both electrons and heavier particles are present [4], linear theory
fails. This paper discusses an analytical investigation of the linear phase and shows where
this difference comes from. A more detailed discussion can be found in [10].
(∗) Paper presented at the “4th Workshop on Gamma-Ray Burst in the Afterglow Era”, Rome,
October 18-22, 2004.
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The fireball model explains the afterglows of Gamma-ray Bursts as radiation coming
from the external shocks that form when a relativistically expanding fireball (or jet) in-
teracts with surrounding gas [8]. These shocks probably run through an electron-proton
plasma like the interstellar medium or the wind of the Gamma-ray Burst progenitor.
The model can only account for the non-thermal spectrum of the afterglow radiation if
the relativistic shock fronts that produce the radiation contain near-equipartition mag-
netic fields (e.g., [5]), and detailed modeling requires knowledge of the magnetic field
configuration.
2. – Weibel-like instabilities
The mixing of pre- and post-shock plasma in a collisionless shock front produces
a plasma with an anisotropic velocity distribution. Such interpenetrating beams are
unstable to spontaneously growing transverse waves [9] and self-exciting longitudinal
oscillations. In the case of a relativistic shock (moving almost with the speed of light)
the transverse waves grow faster than the longitudinal oscillations [2].
These transverse waves involve advection currents (proportional to the beam velocity)
that arise from charge bunching in the beams. These will spontaneously grow in strength
because charges moving in parallel attract each other. The linear theory models these
advection currents with plane waves that grow in strength resembling current channels
with a fixed mutual distance for a particular wave mode. This mechanism is often referred
to as the Weibel instability. Non-linear effects such as merging or bending of the current
channels or interaction of different wave modes are not included in this linear theory.
3. – Analysis
To estimate what happens in electron-proton plasmas we will adapt analytical cal-
culations done previously for an electron-positron plasma [11]. We consider pre-shock
protons penetrating the post-shock electron plasma. This describes a region behind the
shock front where the small-scale electromagnetic fields have already randomized the
electron velocity distribution but not the proton distribution.
We obtain the simplest expressions when we assume that the proton plasma has no
thermal velocity spread and that there are two identical counterstreaming beams. This
approximates the configuration that arises in numerical simulations (for example, fig. 6
of [4]). The momentum distribution F (p) for the protons is then
(1) F (p) =
np
2
(
δ(px − pb) + δ(px + pb)
)
δ(py)δ(pz),
where np is the total number density of the protons and pb is the initial momentum of
the protons. We will assume that the electrons have completed the shock transition so
that they form a hot background plasma with thermal energy density [1]
(2) ee = γb0nemec2,
where γb0 = (1 + p2b/(mpc)
2)1/2 and ne is the electron density. Here we assume that we
can neglect the pre-shock magnetic field and the thermal energy density compared to the
rest mass energy density.
A plane wave perturbation with wave vector in the shock plane will grow exponentially
according to linear theory. The linear theory will break down when the perturbations
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become too strong. We will estimate the magnetic field at that point by using eq. (24)
from Yang et al. [11], who interpret this as the point where the magnetic field is so strong
that it traps the particles that take part in the instability:
(3) Btrap =
γb0mpc
qvb
σ2
k
,
where vb = pb/(γb0mp) is the initial velocity of the protons, σ is the growth rate of the
instability and k is the wave number of the plane wave perturbation.
The growth rate of the instability satisfies a dispersion relation that depends on
the distribution function of the involved particles. For an electron-proton plasma with
properties given by eqs. (1) and (2) the dispersion relation is (see eq. (20) of [10] with
vz0 = 0):
(4) σ2 =
k2ωˆ2ppv
2
b
k2c2 + ω˜2pe
,
where the plasma frequencies are
(5) ωˆ2pp ≡
ω2pp
γb0
=
4πq2np
γb0mp
, ω˜2pe =
4πq2ne
meh
,
where h = (ee + Pe)/(nemec2)  4γb0/3 is the enthalpy per unit rest mass energy. The
derivation of eq. (4) assumes that ωˆpp  ω˜pe.
Combining eqs. (3) and (4), we find that the mode with wave number k = ω˜pe/c can
reach the highest magnetic field Bpeak with
(6) Bpeak =
γb0mpvbωˆ
2
pp
2qω˜pe
.
We can assume that np  ne to ensure charge neutrality so that ωˆ2pp  (4me/3mp)ω˜2pe
and using vb  c for ultra-relativistic shocks we find
(7) Bpeak  2γb0mecω˜pe3q .
As a measure of the strength of this magnetic field we can compare its energy den-
sity eB = B2peak/(8π) to the initial energy density of the protons ep = γb0npmpc
2:
(8) B ≡ eB
ep
 me
6mp
∼ 10−4.
4. – Discussion
The low value of B in eq. (8) indicates that the linear Weibel instability can only
convert a small fraction of the bulk kinetic energy of the protons into magnetic fields.
In fact, the proton instability in a background of electrons cannot generate much more
magnetic energy than the electron instability produces. This is a result of the response of
the electrons to the proton instability, which produces the ω˜2pe term in the denominator
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of expression (4) for the growth rate of the instability. Only the properties of the electron
plasma determine the maximum magnetic field strength (7) at the end of the linear phase.
Numerical simulations of electron-ion shocks [4] do show magnetic field generation
beyond the value of B in eq. (8) accompanied by a growth of the length scale of the
magnetic field (merging of the current channels). The details of the responsible process
are still unclear, although Medvedev et al. [6] have discussed a similar process as a mech-
anism for suppressing the diffusion of the small-scale magnetic fields after the magnetic
field generation has stopped.
The linear Weibel instability is very fast: the growth rate is of the order of the plasma
frequency and this explains why the magnetic field strength can grow exponentially to a
maximum value in electron-positron shocks (e.g., fig. 5 in [11]). That this process does
not work for proton beams in an electron background might explain why the magnetic
field grows much more gradual in simulations of electron-ion shocks (fig. 4 in [4]).
5. – Conclusions
Our analytical investigation of the linear Weibel instability of proton beams in a
background plasma of hot electrons shows that the electrons have a quenching effect
on the proton instability. The linear instability breaks down well before it has utilized
all the bulk kinetic energy of the proton beams, and it cannot be responsible for the
randomization of the proton momentum distribution.
In view of numerical results it is likely that other processes than the linear Weibel
instability will generate near-equipartition magnetic fields. So rather than a thin layer
of exponentially growing magnetic fields, there might be a larger region of (for example)
coalescing electric current channels behind the shock front.
To extend the analysis presented above we can determine the spectrum of length
scales of the magnetic fields at the end of the linear phase. Based on this we can further
investigate the possible (non-)linear processes that might take over magnetic field gener-
ation. If we have a better handle on these things we will be able to predict the radiation
spectrum of Gamma-ray Burst afterglows more accurately.
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